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Abstract
An analyƟcal model describing the interacƟve buckling of a thin-walled box-secƟon strut under axial
compression, where global buckling is criƟcal, is formulated based on variaƟonal principles. A system
of nonlinear diﬀerenƟal and integral equaƟons subject to boundary condiƟons are derived and solved
using numerical conƟnuaƟon. The results show that when the local buckling load is close to the global
buckling load, unstable interacƟve buckling dominates. Equilibrium behaviour, characterized by the
equilibrium paths and the progressive change in local buckling wavelength, is highlighted. The results
from the analyƟcal model have been validated using the ﬁnite element method in conjuncƟon with the
staƟc Riks method and show excellent comparisons.
1. IntroducƟon
Compression members made from slender metallic plate elements are prone to suﬀer from a variety of
diﬀerent elasƟc instability phenomena (Bleich, 1952; Brush & Almroth, 1975; Bažant & Cedolin, 2010).
Although the post-buckling behaviour of each individual mode is stable or neutral, the triggering of var-
ious buckling modes simultaneously can profoundly alter the post-criƟcal behaviour of struts (Wadee
& Bai, 2014; Liu & Wadee, 2015) or sƟﬀened plates (Wadee & Farsi, 2014a). In parƟcular, it may lead
to a violent destabilizaƟon of the response aŌer the peak load is reached; the unstable post-buckling
response is also known to be highly sensiƟve to imperfecƟons (Thompson & Hunt, 1984; Bai & Wadee,
2015a; Wadee & Farsi, 2015). It is therefore essenƟal to invesƟgate the mechanism behind the phe-
nomena and therefore be able to provide appropriate design recommendaƟons.
Early work on the interacƟve buckling of columns was conducted by Van der Neut (1969). Using Koiter’s
theory (1945), Van der Neut developed a simpliﬁed model that consists of two load-carrying ﬂanges
and a pair of rigid webs with no longitudinal sƟﬀness to invesƟgate the iniƟal post-buckling behaviour
of columns exhibiƟng interacƟve buckling. Recently, Wadee and his collaborators developed a series of
analyƟcal models using variaƟonal principles to invesƟgate the interacƟve buckling of I-secƟon struts
(Wadee & Bai, 2014; Liu & Wadee, 2015) and sƟﬀened plates (Wadee & Farsi, 2014a). Snap-backs in
the response, showing sequenƟal destabilizaƟon and restabilizaƟon with a progressive spreading of the
local buckling mode from mid-span, known as cellular buckling (Hunt et al., 2000), are captured well
by these models, which were also observed in physical experiments on thin-walled columns (Becque &
Rasmussen, 2009) and beams (Wadee & Gardner, 2012).
A number of experimental studies (Gardner & Nethercot, 2004; Yuan et al., 2014) exist on interacƟve
buckling in box-secƟon columns, in which an interacƟon between the local and the global mode was
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observed. However, these studies mainly focused upon the loading capacity and behaviours in the
plasƟc range rather than considering the underlying elasƟcmechanisms and rather limited details about
the progression and interacƟon of local and global modes were presented.
In the current paper, an analyƟcal model describing the interacƟve buckling of a thin-walled box-secƟon
strut under axial compression is developed based on variaƟonal principles to analyse the mode inter-
acƟon in such a strut where global buckling is criƟcal. The equilibrium path, the interacƟon between
the local and global modes, and the change in the post-buckling wavelength of the local mode are pre-
sented. PotenƟally dangerous unstable interacƟve buckling is observed. The analyƟcal results show
excellent comparisons with numerical results using the ﬁnite element method in conjuncƟon with the
staƟc Riks method (Riks, 1979) developed within the commercial package AØçÝ (2014).
2. AnalyƟcal model
A thin-walled box-secƟon strut of length L with simply supported boundary condiƟons at the ends
and loaded by an axial force P at the centroid of the cross-secƟon is considered, as shown in Fig. 1.
The material is assumed to be linearly elasƟc, homogeneous and isotropic with Young’s modulus E,
Poisson’s raƟo  and shear modulus G = E/ [2(1 + )]. The joints between the webs and the ﬂanges
are assumed to be rigid. The web has depth d and thickness tw; the ﬂange has width b and thickness tf.
Figure 1: (a) Plan view of a box-secƟon strut of lengthL under the axial load P . The lateral and longitudinal coor-
dinates are x and z respecƟvely. (b) Strut cross-secƟon geometry with deﬁniƟons and the verƟcal axis coordinate
being y.
2.1. Modal descripƟons
The formulaƟon begins with the deﬁniƟon of both the global and the local modal displacements based
on the preceding numerical study (Shen et al., 2015). Since previous studies (Hunt & Wadee, 1998;
Wadee & Bai, 2014; Wadee & Farsi, 2014a; Wadee & Farsi, 2014b; Bai & Wadee, 2015b) have shown
that it is essenƟal to include the shear strain contribuƟons into the total potenƟal energy formulaƟon
to model the interacƟve buckling behaviour, Timoshenko beam theory is assumed currently. The global
mode is divided into two components, a pure lateral displacementW and a pure rotaƟon of the plane
secƟons , see Fig. 2, also known as the ‘sway’ and ‘Ɵlt’ modes (Hunt et al., 1988; Hunt &Wadee, 1998)
respecƟvely. The global buckling lateral displacementW and the corresponding rotaƟon  are deﬁned
by the following expressions:
W (z) =  qsL sin
z
L

; (z) =  qt cos
z
L

; (1)
where qs and qt are the generalized coordinates for the ‘sway’ and ‘Ɵlt’ modes respecƟvely. The shear
strain in the ﬂanges is given by the following expression:
zx =
dW
dz    =   (qs   qt) cos
z
L

: (2)
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The local bucking displacement components including out-of-plane and in-plane components, shown
in Fig. 2(b), are expressed by the product of the longitudinal funcƟon and the cross-secƟon funcƟon:
wf(x; z) = ff(x)w(z); wwc(y; z) = fwc(y)w(z); wwt(y; z) = fwt(y)w(z); (3)
uf(x; z) = gf(x)u(z); uwc(y; z) = gwc(y)u(z); uwt(y; z) = gwt(y)u(z): (4)
where f and g are the cross-secƟon components for the out-of-plane and in-plane components respec-
Ɵvely; w(z) and u(z) are the longitudinal components for the out-of-plane and in-plane components
respecƟvely, which are funcƟons to be solved.
A previous numerical study (Shen et al., 2015) found the cross-secƟon funcƟons for the in-plane and
the out-of-plane components, g and f , to be approximately the same. Therefore, these components
are assumed to be the same presently, i.e. ff(x) = gf(x), fwc(y) = gwc(y), fwt(y) = gwt(y), for sim-
plicity. The cross-secƟon components, ff(x), fwc(y) and fwt(y), are esƟmated by applying appropriate
kinemaƟc and staƟc boundary condiƟons for each plate in conjuncƟon with the Rayleigh–Ritz method,
as shown in Figure 2(c). Thus, the funcƟons are deﬁned as follows:
fwc = B0

1  4y
2
d2

+ (1 B0) cos y
d
; (5)
ff = B1

x  b
2

x+
b
2

(x+B2); (6)
fwt = B3

x  d
2

x+
d
2

; (7)
where
B0 =
3d(3d+ 2b)
(6bd+ 9d2   16b2   42bd  36d2) ; (8)
B1 =
 2(4b+ 9d)
(6bd+ 9d2   16b2   42bd  36d2) bd; (9)
B2 =
3b(4b+ 3d)
2(4b+ 9d)
; (10)
B3 =
4b3
(4b+ 9d)d
B1: (11)
2.2. Total potenƟal energy
The total potenƟal energy V comprises the contribuƟons of the global bending strain energy due to the
global buckling mode, the local bending strain energy due to the local out-of-plane displacements of
the plates, the membrane strain energy arising from both axial and shear strain, and the work done by
the external load PE , where E is the total end-shortening.
The only contribuƟon to the global bending strain energy Ubo is from the bending strain energy stored
in the webs, since the membrane strain energy stored in the ﬂanges accounts for the eﬀect of bending
in the ﬂanges through the Ɵlt mode, as shown in Fig. 2(a). Therefore, the global bending strain energy,
Ubo, can be expressed as:
Ubo = 2
Z L
0
EIw
2
W 2dz = EIw
Z L
0
q2s
4
L2
sin2 z
L
dz; (12)
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Figure 2: (a) Sway and Ɵlt components of the global buckling mode with respect to the weak axis y. (b) Out-
of-plane local mode in the ﬂanges wf(x; z), the more compressed web wwc(y; z) and the less compressed web
wwt(y; z). In-plane local mode in the ﬂanges uf(x; z), the more compressed web uwc(y; z) and the less com-
pressed web uwt(y; z). (c) Cross-secƟon component of the local mode in the ﬂanges ff(x), the more compressed
web fwc(y) and the less compressed web fwt(y). Also shown are the kinemaƟc and staƟc boundary condiƟons
at the ﬂange–web juncƟons for esƟmaƟng the cross-secƟon funcƟons.
where EIw = Edt3w/12 is the ﬂexural rigidity about the local neutral axis of the web and dots repre-
sent diﬀerenƟaƟon with respect to z. The local bending strain energy stored in both ﬂanges, the more
compressed web and the less compressed web can be determined as:
Ufbl = Df
Z L
0
Z b
2
  b
2
(
@2wf
@z2
+
@2wf
@x2
2
(13)
  2(1  )

@2wf
@z2
@2wf
@x2
 

@2wf
@z@x
2 )
dx dz;
Uwcbl =
Dw
2
Z L
0
Z d
2
  d
2
(
@2wwc
@z2
+
@2wwc
@y2
2
(14)
  2(1  )

@2wwc
@z2
@2wwc
@y2
 

@2wwc
@z@y
2 )
dy dz;
Uwtbl =
Dw
2
Z L
0
Z d
2
  d
2
(
@2wwt
@z2
+
@2wwt
@y2
2
(15)
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  2(1  )

@2wwt
@z2
@2wwt
@y2
 

@2wwt
@z@y
2 )
dy dz;
where Df = Et3f /[12(1   2)] and Dw = Et3w/[12(1   2)] are the ﬂexural rigidity of the individual
ﬂanges and webs respecƟvely.
The membrane strain energy in the ﬂanges Umf is derived from considering the direct strains (") and
shear strains (). The direct strains comprise three components, one from the global mode, "z;global;f,
one from the local mode "z;local;f and a purely in-plane compressive strain . The global component,
"z;global;f, can be expressed thus:
"z;global;f =
@ut
@z
=  xqt
2
L
sin z
L
: (16)
The local component, "z;local;f, is obtained based on von Kármán plate theory. The whole direct strain
expression for the ﬂanges can be wriƩen thus:
"z;f = "z;global;f +
@uf
@z
+
1
2

@wf
@z
2
 : (17)
The shear strain component can be wriƩen thus:
xz;f =
@uf
@x
+
@W
@z
   + @wf
@x
@wf
@z
: (18)
From the previous numerical study (Shen et al., 2015), the transverse strain component is very small
compared with the other two components so it is not included presently. The complete expression for
the membrane strain energy stored in both ﬂanges can be wriƩen as:
Ufm = Ufd + Ufs =
Z L
0
Z b
2
  b
2

E"2z;f +G
2
xz;f

dx dz: (19)
Themembrane strain energy stored in thewebs also contains the corresponding componentswith those
of the ﬂanges, and is also composed of the direct strain energy and shear strain energy.
The complete expression for the direct strain in the more and less compressed webs are:
"z;wc = "z;global;wc  + @uwc
@z
+
1
2

@wwc
@z
2
; (20)
"z;wt = "z;global;wt  + @uwt
@z
+
1
2

@wwt
@z
2
; (21)
where the direct strains from the global mode, i.e. "z;global;wc and "z;global;wt, can be wriƩen thus:
"z;global;wc =   b
2
_ =   b
2
h
 qt cos
z
L
i0
=  qt b
2
2L
sin z
L
; (22)
"z;global;wt = +
b
2
_ =
b
2
h
 qt cos
z
L
i0
= qt
b2
2L
sin z
L
: (23)
Unlike the ﬂanges, the shear strain in the webs only contain the terms from the local mode:
yz;wc =
@uwc
@y
+
@wwc
@y
@wwc
@z
; (24)
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yz;wt =
@uwt
@y
+
@wwt
@y
@wwt
@z
: (25)
The transverse strain is also neglected in the current derivaƟon, thus the membrane strain energy for
the webs Uwcm and Uwtm can be given respecƟvely as:
Uwcm = Uwcd + Uwcs =
1
2
Z L
0
Z b
2
  b
2

E"2z;wc +G
2
yz;wc

dy dz; (26)
Uwtm = Uwtd + Uwts =
1
2
Z L
0
Z b
2
  b
2

E"2z;wt +G
2
yz;wt

dy dz: (27)
The total end-shortening, E , comprises the pure squash component and a component from the global
sway mode and the local in-plane displacement and so the work done by the external load P can be
given by:
PE = P
Z L
0

q2s
2
2
cos2 z
L
+ m

dz; (28)
where
m =
2 fgfgx _u1 + fgwcgy _u+ fgwtgy _u
2b+ 2d
; (29)
where fgfgx, fgwcgy and fgwtgy are deﬁnite integrals with respect to their subscript x or y respecƟvely,
thus:
fgfgx =
Z b
2
  b
2
gf dx; fgwcgy =
Z d
2
  d
2
gwc dy; fgwtgy =
Z d
2
  d
2
gwt dy: (30)
In summary, the total potenƟal energy V can be expressed by the summaƟon of all the strain energy
terms minus the work done by the external load:
V = Uf + Uwbo + Uwc + Uwt   PE ; (31)
where
Uf = Ufbl + Ufd + Ufs; (32)
Uwc = Uwcbl + Uwcd + Uwcs; (33)
Uwt = Uwtbl + Uwtd + Uwts: (34)
2.3. VariaƟonal formulaƟon
By performing the calculus of variaƟons on the total potenƟal energy V , the governing equaƟons can be
obtained. As menƟoned before, the longitudinal component of the local out-of-plane and the in-plane
displacement of the webs and ﬂanges are assumed to be the same. The integrand of the total potenƟal
energy V can be wriƩen as the Lagrangian (L) of the form:
V =
Z L
0
L ( w; _w;w; _u; u; z) dz; (35)
where dots represent diﬀerenƟaƟon with respect to z. The equilibrium state of the system can be
obtained by seƫng the ﬁrst variaƟon of V , i.e. V , to zero, where:
V =
Z L
0

@L
@ w
 w +
@L
@ _w
 _w +
@L
@w
w +
@L
@ _u
 _u+
@L
@u
u

dz: (36)
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Since  w = d( _w)/dz,  _w = d(w)/dz and  _u = d(u)/dz, integraƟon by parts allows the develop-
ment of the Euler–Lagrange equaƟons for w and u, resulƟng in a 4th order nonlinear ODE for w and a
2nd order nonlinear ODE for u:
d2
dz2

@L
@ w

  ddz

@L
@ _w

+
@L
@w
= 0; (37)
d
dz

@L
@ _u

  @L
@u
= 0: (38)
Moreover, equilibrium also requires the minimizaƟon of the total potenƟal energy with respect to the
generalized coordinates qs, qt and, thus leading to three integral equaƟons:
@V
@qs
= 0;
@V
@qt
= 0 and @V
@
= 0: (39)
The boundary condiƟons forw and u and their derivaƟves are for simply-supported condiƟons at z = 0
and for symmetry condiƟons at z = L/2:
w (0) = w (0) = _w (L/2) =
...
w (L/2) = u (L/2) = 0: (40)
A further boundary condiƟon can be obtained from minimizing V and it is a condiƟon that relates to
matching the in-plane strain at the ends: 
@L
@ _u
u
 L
0
= 0: (41)
Linear eigenvalue analysis for the perfect column is conducted to determine the criƟcal load for global
buckling P Co . This is achieved by considering the singularity of the Hessian matrix Vij at the criƟcal load,
where:
Vij =
"
@2V
@q2s
@2V
@qs@qt
@2V
@qt@qs
@2V
@q2t
#
; (42)
hence:
P Co =
22EIw
L2
+
2Etfb3
2
 
1 + et L2

1
3
+
twd
tfb

; (43)
where,
et = 2Eb2
4GL2

1
3
+
twd
tfb

: (44)
If Euler–Bernoulli bending theory had been assumed, the shearmodulusG!1 andPCo would reduce
to the classical Euler load, as expected.
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Table 1: Geometric properƟes of the box-secƟon strut in the numerical example.
Length Flange width Web depth Flange thickness Web thickness
L b d tf tw
4800mm 60mm 120mm 1mm 1mm
3. Numerical results and validaƟon
The geometric properƟes of the example strut is shown in Table 1. The Young’s Modulus E and Pois-
son’s raƟo  of the material are chosen as 210 kN/mm2 and 0:3 respecƟvely. The selected geometric
dimensions and material properƟes ensure that global buckling is criƟcal, where the global buckling
load P Co is 22:57 kN and the local buckling load P Cl is 24:57 kN.
The system of nonlinear ordinary diﬀerenƟal equaƟons are solved numerically within the conƟnuaƟon
and bifurcaƟon soŌware AçãÊ (Doedel & Oldeman, 2011). The soŌware is able to solve nonlinear ordi-
nary diﬀerenƟal equaƟons numerically, but addiƟonally maintains the intrinsic bifurcaƟonal structure
of the soluƟons and, importantly, can switch between and trace diﬀerent equilibrium paths. The solu-
Ɵon strategy in AçãÊ is shown in Fig. 3. The criƟcal load P Co is obtained explicitly from Eq. (43). Using
the conƟnuaƟon method, the normalized amplitude of the global mode qs is then varied while P = P Co
to obtain the secondary bifurcaƟon point S1, where interacƟve buckling is triggered. Subsequently, the
second run is started at the point S1 using the branch switching facility within AçãÊ and P is varied to
compute the interacƟve buckling path. It should be menƟoned that a series of secondary bifurcaƟon
points Si can be found during the iniƟal run. Only the bifurcaƟon point corresponding to the lowest qs
value, which has the lowest local buckling load, is selected for the second run as the pracƟcally signiﬁ-
cant secondary bifurcaƟon point.
Figure 3: The numerical conƟnuaƟonprocedures for interacƟve buckling of perfect columnswhere global buckling
is criƟcal. The thicker solid line shows the actual soluƟon path. Circles marked C and Si represent the criƟcal
and secondary bifurcaƟon points respecƟvely; P Co is the global buckling load and qs represents the normalized
amplitude of the global buckling mode.
For validaƟon purposes, a nonlinear FE model of the example column was also developed in AØçÝ
(2014) using four-noded, reduced-integraƟon S4R shell elements and in conjuncƟonwith theRiksmethod
(Riks, 1979). The full modelling details can be found in the authors’ previous work (Shen et al., 2015)
except that in the present case, the joints between the webs and ﬂanges are modelled as rigid.
Normalized equilibrium paths of the example strut are shown in Fig. 4, where it is evident that the an-
8
alyƟcal results agree well with the FE results. The system exhibits unstable behaviour once interacƟve
buckling is triggered. A snap-back and a sudden sharp drop in the load capacity p, where p = P/P Co , are
observed in the iniƟal post-buckling range, see Fig. 4(a). Owing to the advantage of the branch switch-
ing funcƟonality of AçãÊ, the disconƟnuity at the ﬁrst and second bifurcaƟon points is captured well.
However, the analyƟcal model shows a very slightly sƟﬀer post-buckling response. This is aƩributed to
the change of neutral axis during post-buckling and the use of assumed cross-secƟon shape funcƟons
within the analyƟcal model.
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Figure 4: Comparison of the nonlinear equilibrium paths for the example column from AçãÊ (analyƟcal) and
AØçÝ (FE). Graphs of the normalized load raƟo p = P/P Co versus (a) the normalized end-shortening E/L, (b)
the normalized amplitude of the global mode qs, and (c) the normalized peak amplitude of local deformaƟon in
the more compressed web wwc;max/tw; (d) wwc;max/tw versus qs.
Moreover, a wavelength change in the longitudinal component of the local mode is captured, as shown
in Figure 5. With the increase of the global mode amplitude, the iniƟal localized buckling mode gradu-
ally spreads towards the ends from the mid-span of the column, developing more peaks and troughs.
This ﬁnding is in agreement with analyƟcal studies on I-secƟon struts (Wadee & Bai, 2014) and sƟﬀ-
ened plates (Wadee & Farsi, 2014a) using the same methodology. Moreover, this parƟcular physical
phenomenon was also observed in experimental studies on I-secƟon beams (Wadee & Gardner, 2012)
and columns (Becque, 2008).
The very good match in the progressive deformaƟon of the cross-secƟon proﬁle between the analyƟcal
9
z¯
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
w
w
c
/t
w
-0.5
0
0.5
(a) qs =0.001
FE
Analytical
z¯
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
w
w
c
/t
w
-1
0
1
(b) qs =0.002
z¯
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
w
w
c
/t
w
-2
0
2
(c) qs =0.005
z¯
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
w
w
c
/t
w
-2
0
2
(d) qs =0.008
Figure 5: EvoluƟon of the numerical soluƟons for the normalized local out-of-plane displacement wwc/tw pro-
gressing down the post-buckling path shown in Fig. 4 for the more compressed web. For visualizaƟon purposes,
the longitudinal coordinates are normalized with respect to half of the strut length, z = 2z/L.
and FE results validates the eﬀecƟveness of the assumed cross-secƟonal shape funcƟons, see Fig. 6. It
should be emphasized that the discrepancy increases due to the bulge-out eﬀects caused by the large
deﬂecƟon of individual plates. An addiƟonal nonlinear termmay in future be added in the cross-secƟon
shape funcƟon to capture the eﬀect.
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Figure 6: Local deformaƟon of the cross-secƟon for the example strut at mid-span with the increase of the global
mode amplitude. Note that the displacements shown have been ampliﬁed by a factor of 20 to aid visualizaƟon.
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In Fig. 7, several comparisons are shown between the components of the potenƟal energy during the
loading. There are three individual stages in the potenƟal energy versus the global mode amplitude
relaƟonship. The ﬁrst stage corresponds to the purely elasƟc axial deformaƟon of the strut under com-
pression before the bucking load is reached. The second is the stage where the pure global buckling
is triggered and the third stage is where interacƟve buckling progresses with the increase of the global
mode amplitude. Except for the strain energy in the more compressed web, an energy drop can be ob-
served at the iniƟal stage of interacƟve buckling. For the strain energy in the ﬂanges and the work done
by the load, it corresponds well to the ‘snap-back’ in the load–end-shortening relaƟonship in Fig. 4(a).
The match in the strain energy and work done by the load between FE and the analyƟcal results is gen-
erally excellent. The neutral axis movement due to the plate buckling and the assumed cross-secƟon
shape funcƟon (see Fig. 6) are two principal factors resulƟng in the discrepancy in the strain energy of
the more compressed and less compressed webs. Moreover, there is a long-wave out-of-plane deﬂec-
Ɵon due to tension from the large amount of bending in the less compressed web (Shen et al., 2015)
which is not included in present analyƟcal model. All of these factors lead to a marginally sƟﬀer re-
sponse in the analyƟcal model, but they are not parƟcularly signiﬁcant.
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Figure 7: PotenƟal energy comparison of the example strut from AçãÊ and AØçÝ. Graphs of (a) the strain
energy stored in the ﬂanges Uf, (b) the strain energy stored in the more compressed web Uwc, (c) the strain
energy stored in the less compressed web Uwt and (d) the work done by the load PE versus the normalized
global mode amplitude qs.
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4. Concluding remarks
An analyƟcal model describing the interacƟve buckling of a thin-walled box-secƟon strut under pure
compression, where global buckling is criƟcal, is developed using potenƟal energy principles and vali-
dated using the FE package AØçÝ. Unlike the stable post-buckling behaviour of each individual mode,
an important and potenƟally dangerous interacƟon between the global and local buckling modes has
been idenƟﬁed. The increase of the global buckling mode amplitude forces the compressed web to
buckle progressively, resulƟng in the change of the local buckling proﬁle from localized to a more dis-
tributed one aswell as in the decrease of the local bucklingmodewavelength. The excellent comparison
between the current analyƟcal and the FE results validates the present methodology. Further work is
currently being conducted to extend the model to describe the scenarios where local buckling is criƟcal
and where imperfecƟons are present. An advanced model that aims to capture the movement of the
neutral axis and the progressive change in the cross-secƟon proﬁle is also under development. The ul-
Ɵmate aim of this work is to provide guidance to designers for designing thin-walled box-secƟon struts
with geometries where they are suscepƟble to modal interacƟon.
Acknowledgement
Financial support for the lead author was provided by the Imperial PhD scholarship scheme.
References
ABAQUS. (2014). Version 6.14. Providence RI, USA: Dassault Systèmes.
Bai, L., & Wadee, M. A. (2015a). “ImperfecƟon sensiƟvity of thin-walled i-secƟon struts suscepƟble to cellular
buckling.” InternaƟonal Journal of Mechanical Sciences, 104 162-173.
Bai, L., & Wadee, M. A. (2015b). “Mode interacƟon in thin-walled I-secƟon struts with semi-rigid ﬂange-web
joints.” InternaƟonal Journal of Non-Linear Mechanics, 69 71-83.
Bažant, Z. P., & Cedolin, L. (2010). Stability of structures: elasƟc, inelasƟc, fracture and damage theories. World
ScienƟﬁc.
Becque, J. (2008). The interacƟon of local and overall buckling of cold-formed stainless steel columns. Ph.D. thesis,
University of Sydney.
Becque, J., & Rasmussen, K. J. R. (2009). “Experimental invesƟgaƟon of the interacƟon of local and overall buckling
of stainless steel I-columns.” ASCE Journal of Structural Engineering, 135 (11) 1340–1348.
Bleich, F. (1952). Buckling strength of metal structures. McGraw-Hill.
Brush, D. O., & Almroth, B. O. (1975). Buckling of bars, plates, and shells. McGraw Hill.
Doedel, E. J., & Oldeman, B. E. (2011). AUTO-07p: ConƟnuaƟon and bifurcaƟon soŌware for ordinary diﬀerenƟal
equaƟons. Available from hƩp://indy.cs.concordia.ca/auto/.
Gardner, L., &Nethercot, D. A. (2004). “Experiments on stainless steel hollow secƟons - part 2: Member behaviour
of columns and beams.” Journal of ConstrucƟonal Steel Research, 60 (9) 1319-1332.
Hunt, G. W., & Wadee, M. A. (1998). “LocalizaƟon and mode interacƟon in sandwich structures.” Proceedings of
the Royal Society of London A, 454 (1972) 1197-1216.
Hunt, G.W., Da Silva, L. S., &Manzocchi, G.M. E. (1988). “InteracƟvebuckling in sandwich structures.” Proceedings
of the Royal Society of London A, 417 (1852) 155-177.
Hunt, G. W., PeleƟer, M. A., Champneys, A. R., Woods, P. D., Wadee, M. A., Budd, C. J., & Lord, G. J. (2000).
“Cellular buckling in long structures.” Nonlinear Dynamics, 21 (1) 3-29.
Koiter, W. T. (1945). The stability of elasƟc equilibrium. Ph.D. thesis, DelŌ University of Technology.
Liu, E. L., & Wadee, M. A. (2015). “InteracƟvely induced localizaƟon in thin-walled i-secƟon struts buckling about
the strong axis.” Structures, 4 13-26. Steel Structures: Mechanics, SimulaƟon and TesƟng.
Riks, E. (1979). “An incremental approach to the soluƟon of snapping and buckling problems.” InternaƟonal
Journal of Solids and Structures, 15 (7) 529-551.
Shen, J., Wadee, M. A., & Sadowski, A. J. (2015). “Numerical study of interacƟve buckling in thin-walled secƟon
box columns under pure compression.” In: CamoƟm, D., Dinis, P. B., Chan, S. L., Wang, C. M., Goncalves,
R ., Silvestre, N., Basaglia, C., Landesmann, A., & Bebiano, R. (eds), Proceedings of the 8th InternaƟonal
Conference on Advances in Steel Structures (ICASS 2015). Paper number: 44.
12
Thompson, J. M. T., & Hunt, G. W. (1984). ElasƟc instability phenomena. London: Wiley.
Van der Neut, A. (1969). “The interacƟon of local buckling and column failure of thin-walled compression mem-
bers.” Proceedings of the 12th InternaƟonal Congress on Applied Mechanics, Stanford, CA. 389-399.
Wadee, M. A., & Bai, L. (2014). “Cellular buckling in I-secƟon struts.” Thin-Walled Structures, 81 89-100.
Wadee, M. A., & Farsi, M. (2014a). “Cellular buckling in sƟﬀened plates.” Proceedings of the Royal Society A, 470
(2168) 20140094.
Wadee, M. A., & Farsi, M. (2014b). “Local-global mode interacƟon in stringer-sƟﬀened plates.” Thin-Walled
Structures, 85 419-430.
Wadee, M. A., & Farsi, M. (2015). “ImperfecƟon sensiƟvity and geometric eﬀects in sƟﬀened plates suscepƟble
to cellular buckling.” Structures, 3 172-186.
Wadee, M. A., & Gardner, L. (2012). “Cellular buckling frommode interacƟon in i-beams under uniform bending.”
Proceedings of the Royal Society A, 468 (2137) 245-268.
Yuan, H. X., Wang, Y. Q., Gardner, L., & Shi, Y. J. (2014). “Local-overall interacƟve buckling of welded stainless steel
box secƟon compression members.” Engineering Structures, 67 62-76.
13
